Introduction
In [4] , Mukai proved that a surface component of a moduli space of vector bundles on a K3 suface is a K3 surface if we take a general polarization. In this note, we shall consider what happens to the moduli space if we take a special polarization. Our main theorem (Theorem3.3) says that the surface component of the moduli space of semistable sheaves on a K3 surface has a surjective biratonal morphism from a K3 surface. We also investigate the singularity of the moduli space in some cases. The tool we shall use is the moduli of twisted semistable sheaves introduced by Matsuki and Wentworth [2] . By taking suitable Q-divisor L, we obtain a natural morphism from the moduli space of L-twisted stable sheaves to the moduli space of semistable sheaves. Considering the curves on the moduli space of L-twisted stable sheaves which contract to a point on the moduli space of semistable sheaves, we can prove the main theorem.
We shall explain the content of this paper. In section 2, we fix our notations. In section 3, we state the main theorem of this paper. In section 4, we recall Matsuki-Wentworth's twisted stability, which plays an important role in the proof of the main theorem. Section 5 is devoted to the proof of the main theorem.
Notation
X always denotes a projective K3 surface over C and H is a fixed ample line bundle on X. As in [4] , we put
For a coherent sheaf F on X,
We call v(F ) the Mukai vector of F . The symmetric bilinear form ( , ) oñ H(X, Z) is defined by the following formula: 
Statement of main theorem
In this section we state the main theorem of this paper after reviewing Mukai's beautiful theorem.
On the moduli space of vector bundles on a K3 surface, the following Mukai's beautiful theorem is well-known.
In general, without the assumption (♠),M H (v) has singularities. The following gives us such an example. Example 3.2. Let π : X → P 1 be an elliptic fibration with a section. Let X ⊃ s be a section of π and f a fiber of π. Assume that Pic (X) = Zs ⊕ Zf . Put H := s + 5f and v := (2, H, 2) ∈H(X, Z). Then H-semistable sheaves E with v(E) = v are one of the following types:
is isomorphic to the surface obtained by contracting s on X and has A 1 -singularity.
The following is the main theorem of this paper. 
Twisted stability
In this section we recall the definition of twisted stability(which is equivalent to the notion of a-stability introduced by Ellingsrud and Göttsche [1] ) and wall of the ample cone defined by Matsuki-Wentworth [2] which play an important role in the proof of Theorem3.3. We fix c 1 ∈ Num (X) and c 2 ∈ Z in this section.
For a fixed ample line bundle A, a hyperplane V in Num (X) R is called a subwall around A if there exist an A-slope-semistable sheaf E with c 1 (E) = c 1 ,c 2 (E) = c 2 and a saturated subsheaf F of E with 0 < rank F < rank E such that (1) and (2) hold and that
Walls describe when the moduli spaceM H (v) changes as H moves in Num (X) R . Subwalls tell us when the moduli spaceM
is the moduli space of L-twisted H-semistable sheaves defined below. For details, see [2] .
Proof of theorem 3.3 Lemma 5.1. Let v = (r, l, s) be a primitive isotropic vector ofH(X, Z). Assume that there exists an H-stable sheaf E with v(E)
is negative semi-definite and for
. By the stability of E and the semistability of G i , we have (v(E), v(G j )) ≥ 0. Hence the claim1 holds true.
Assume
. This contradicts the primitivity of v. Therefore we have (v(G i )
2 ) = −2 by the stability of G i . In the rest of this proof, we assume that m ≥ 3. The case when m = 2 is easy.
Proof of Claim 2. We may assume that We fix a Q-divisor L near H in Num (X) R so that there is no point except for H on the segment connecting L and H which lies on a wall or a subwall around H.
Proof. Assume that F is an L-twisted H-stable sheaf with v(F ) = v which is not H-semistable.
There is a saturated subsheaf G of F such that:
The two inequalities (4) and (5) contradicts the choice of L.
Lemma 5.5. If F is an L-twisted H-semistable sheaf with v(F
Proof. The proof of the former statement is quite similar to that of lemma5.4. We leave it to the reader. The latter follows from Corollary4.6 in [4] . (There the proof is given only for H-stable sheaves,but it is valid for L-twisted H-stable ones.)
Proof. We employ the argument used in Proposition4.4 in [4] . Let E is a quasi-universal sheaf on X × M ⊗L H (v) with similitude σ. Given a properly H- 
Lemma 5.7. If x ∈M H (v) corresponds to an S-equivalence class represented by a properly H-semistable
Proof. Let U be an open neighborhood of x. Since U is constructed as a categorical quotient of a subscheme R of a quot scheme, it suffices to check the normality of R. A point q of R corresponds to a surjective morphism O ⊕N E ⊗ H α , where α is a fixed large number, N = dim H 0 (X, E ⊗H α ) and E is H-semistable. Using the assumption that G i = G j for i = j, E is one of the following: (i) E is simple.
(ii) E is isomorphic to F 1 ⊕ · · · ⊕ F l , where F i is simple for any i and l ≥ 2. Let Z be the closed subset of R which consists of the points corresponding to a surjective morphism O ⊕N E ⊗ H α , where E is of type (ii) in the above.
Claim 3. R \ Z is smooth, connected and of dimension N 2 + 1. [3] , it is proved that ob(q) is mapped to 0 by the morphism Ext
Proof of Claim 3. The obstruction of smoothness at
. Therefore the obstruction theory at q has dimension dim Ext
Since E of the type (i) is simple and dim Ext 
The proof of Claim 3 is completed.
Since R \ Z is dense in R, R is irreducible. In order to prove the normality of R, we use the Serre criterion.
On the otherhand dimÔ q,R = N 2 + 1. Therefore the above inequality is an equality, henceÔ q,R is a locally complete intersection, in particular satisfies (S 2 ). It is easily seen that codim(Z, R) ≥ 2.
Now we come to the proof of the main theorem. Proof of Theorem 3.3. Most assertions were proved in the previous lemmas. Therefore we have only to show the following:
is a union of two (−2)-curves which intersect each other at one
The proof of (i) and (ii) are quite similar and we shall show only (ii). Let y = G 1 ⊕G 2 ⊕G 3 be as in (iii) above. We may assume that (c 1 (
The arguments are similar and we consider the former case. 
We obtain the following commutative diagram:
Similarly, starting from a nonsplit exact sequence 0
we obtain the following diagram:
Proof of Claim 5. The latter statement is obvious. We shall show the former statement. We check L-twisted H-semistability of E 2 . Suppose that E 2 is not L-twisted H-semistable. We can find a saturated subsheaf A of E 2 such that:
Since L is not on a subwall, we have χ(A)/rank A = χ(E 2 )/rank E 2 . This implies that P A (n) = P E 2 (n). Noting that the two exact sequences 0 A is S-equivalent to G 1 or  G 1 ⊕ G 2 or G 1 ⊕ G 3 . In any case, we have
since we are assuming (c 1 (E 2 ) · L)/rank E 2 < (c 1 (G 2 ) · L)/rank G 2 . This contradicts (6) and (7). The proof of Claim 5 is completed.
By Claim 5, we obtain two morphisms g : P(Ext It is easily seen that 0 → G 3 → E 3 → G 2 → 0 splits at just one point of P(Ext 1 (G 2 , E 1 ) ∨ ). Therefore we know C = C and C ∩ C is one point. Since C ∪ C is contracted to a point of the normal surfaceM H (v), the fact that g and g are embeddings and the transversality at C ∩ C follow from calculating the intersection matrix of C and C or more economically looking at the classification of rational double points. The proof of Theorem 3.3 is completed.
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